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Simulação de Sistemas 
quânticos
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“...trying to find a computer simulation of physics, seems 
to me to be an excellent program to follow out...and I'm 
not happy with all the analyses that go with just the 
classical theory, because nature isn’t classical, dammit, and 
if you want to make a simulation of nature, you'd better 
make it quantum mechanical, and by golly it's a wonderful 
problem because it doesn't look so easy.”

Richard Feynman (1981):
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Futuro?
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Três Questões Básicas

3. O que é Mecânica Quântica? 

“Formalismo matemático para o desenvolvimento de teorias físicas.” 

1. O que é Informação? 
“Processamento de Informação: Aquisição, gravação, organização, 

extração e disseminação de dados.”  (Enc. Britânica)

MQ Mundo Físico
Postulados

T R

2. O que é computação? 
“Computar: Desenvolver rotinas de cálculo automaticamente.”  (Enc. 

Britânica)

}1,0{}1,0{: →nf
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Teoria de
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Teoria de
Computação

Teoria
 Quântica

Ciência da 
Informação

Teoria Quântica de 
Informação

Computação Quântica



Teoria de 
Computação
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Computadores atuam como uma Sequência de Procedimentos Primitivos
(SPP)

Seja um ábaco, ou um supercomputador de última geração, seu
funcionamento via a SPP é basicamente o mesmo, independentemente
do conjunto de elementos f́ısicos que o constituem.

8 SPP é efetuada por um conjunto finito de elementos básicos universais.
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O que é computável e o que não é?

Existem duas maneiras diferentes, mas equivalentes, de respondermos
essa questão:

modelo de máquina de Turing

modelo de circuitos
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Máquina de Turing

Procedimentos Efetivos e Computabilidade

Procedimentos efetivos são o conjunto de regras para a realização de
uma tarefa, também conhecido como Algoritmo.
Ex.: Dado x calcule ex

ex = 1 + x +
1

2!
x2 +

1

3!
x3 + ... (1)

Substitua o valor de x ;

Calcule cada termo;

Some os termos ) Resultado para qualquer x .

São definidos como problemas computáveis aqueles que podem ser
resolvidos por um procedimento efetivo.

Procedimentos Efetivos e Computabilidade  
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Máquina de Turing

Conceito preciso de computabilidade - Alan Turing (1936)

Se uma tarefa pude ser realizada por um procedimento efetivo, então ela
pode ser realizada por uma Máquina de Turing Universal e vice-versa, se
uma máquina de Turing universal não puder resolver um problema, então
não há um procedimento efetivo.

Conceito preciso de computabilidade 
Alan Turing (1936)  
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Máquina de Turing

Máquina de Turing

Máquina de Turing = Máquina de estado Finito + Memória Ilimitada

Leitura da Célula ! est́ımulo S

Estado interno ! Q

Estado interno após est́ımulo ! Q 0 = F (Q, S)

Resposta (escrita na célula) ao est́ımulo
(+movimento da MEF ! R = G (Q, S)

Máquina de Turing  
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Máquina de Turing

Tese de Church-Turing (1936)

Função Computável , Função computável por uma máquina de Turing

“ F (x) é Turing-computável se 9 uma máquina de Turing TF tal que se
x for escrito na fita (da máquina) ela eventulamente para com F (x)
impresso na fita.”

x �! F (x)

“A classe de funções computáveis por uma máquina de Turing
corresponde exatamente à classe de funções computáveis por um
algoritmo.”

Tese de Church-Turing (1936)  
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Modelo de Circuitos

Modelo de Circuitos

Circuito

Fios (linhas) e portas, que carregam e manipulam a informação,
realizando tarefas computacionais simples (individualmente) e que quando
combinados permitem o cálculo de qualquer função F (x) computável.

Um computador (determińıstico) é compreendido dentro do modelo de
circuitos como o conjunto de elementos básicos universais necessários
para computar a função:

F : {0, 1}n �! {0, 1}m, (2)

dado um input de n-bits ele produz um output de m-bits univocamente.

Modelo de Circuitos  
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Modelo de Circuitos

Uma função com m-bit valores de output é equivalente a m-funções com
cada uma produzindo um bit de output.

F : {0, 1}n �! {0, 1}. (3)

2n posśıveis inputs, cada um ! 2 posśıveis outputs.

! 9 ao todo 22
n

funções levando n-bits a 1-bit.

A avaliação de qualquer uma destas funções pode ser reduzida a uma
sequência de elementos básicos universais.
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Modelo de Circuitos

Definição : Uma computação é uma sequência finita de operações
elementares fundamentais (um circuito) aplicada a uma palavra de bits
de input.

Dizemos que o conjunto de elementos básicos fundamentais são

universais, a partir do qual, funções abitrariamente complexas podem ser
computadas.

A classe de funções computáveis por uma faḿılia de circuitos uniforme é
exatamente a mesma que as que podem ser computáveis por uma
máquina de Turing.
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Modelo de Circuitos
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Problemas de Decisão e Complexidade

Problemas de Decisão e Complexidade 
Computacional 



Sistemas Quânticos
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O que há de especial na física quântica?  

Divisor de Feixes (DF): 1 fóton apenas 
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O que há de especial na física quântica?  

Explicação tentativa: 
O  DF  atua  como  uma  moeda  clássica,  enviando  o  fóton 
aleatoriamente para uma porta ou outra. 

Divisor de Feixes (DF): 1 fóton apenas 
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Então
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Então

Mas experimentalmente:
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Então

Mas experimentalmente:

Explicação tentativa: 
O  DF  atua  como  uma  moeda  clássica,  enviando  o  fóton 
aleatoriamente para uma porta ou outra. 



Postulados da Mecânica Quântica 



Postulado 1: Espaço de Estados  

Postulados da Mecânica Quântica 

| i 2 Cn



Postulado 1: Espaço de Estados  

Postulado 2: Evolução de Sistemas Quânticos  

Postulados da Mecânica Quântica 

| i 2 Cn

d
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Postulado 1: Espaço de Estados  

Postulado 2: Evolução de Sistemas Quânticos  

Postulado 3: Medições Quânticas  

Postulado 4 - Sistemas Compostos  

Postulados da Mecânica Quântica 
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Postulado 1: Espaço de Estados  

Postulado 2: Evolução de Sistemas Quânticos  

Postulado 3: Medições Quânticas  

Postulado 4 - Sistemas Compostos  

Existem sistemas compostos cujo estados parciais não podem ser 
descritos por: |ψi ⟩. 

Ex.: |χ12⟩ = a|ψ1⟩|ψ2⟩ + b|φ1⟩|φ2⟩. 
Não existe decomposição de |χ12⟩ = |χ1⟩ ⊗ |χ2⟩ : 
|χ1⟩ - Estado do sistema 1 e |χ2⟩ - Estado do sistema 2. 

Postulados da Mecânica Quântica 

| i 2 Cn

d

dt
| i = � i

~H| i

S
Aparato

    de

Medição

|�12i 2 Cn ⌦ Cn

Estados emaranhados
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Elementos de Computação Quântica
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Elementos de Computação Quântica

Qubit: 10 ba +=Ψ
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Elementos de Computação Quântica

Qubit: 10 ba +=Ψ

22 sin;cos θϕθ ieba ==

Esfera de Bloch

θ

φ

z

x

y

∣0 〉

∣1 〉
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Elementos de Computação Quântica

Qubit: 10 ba +=Ψ Operações de 1-qubit

22 sin;cos θϕθ ieba ==

Esfera de Bloch

θ

φ

z

x

y

∣0 〉

∣1 〉
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Elementos de Computação Quântica

Qubit: 10 ba +=Ψ Operações de 1-qubit

0 1 0 1 0
X ;   Y ;   Z

1 0 0 0 1
i

i
−" # " # " #

= = =$ % $ % $ %−& ' & ' & '

Operações de Pauli
22 sin;cos θϕθ ieba ==

Esfera de Bloch

θ

φ

z

x
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Elementos de Computação Quântica

Qubit: 10 ba +=Ψ Operações de 1-qubit

Hadamard
+ − " #

= = = $ %−& '

10 1 0 1 1 1
0 ;    1 ;    

1 122 2
H H H

0 1 0 1 0
X ;   Y ;   Z

1 0 0 0 1
i
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−" # " # " #

= = =$ % $ % $ %−& ' & ' & '
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Elementos de Computação Quântica

Qubit: 10 ba +=Ψ Operações de 1-qubit

Hadamard
+ − " #

= = = $ %−& '

10 1 0 1 1 1
0 ;    1 ;    

1 122 2
H H H

Fase
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Elementos de Computação Quântica

Qubit: 10 ba +=Ψ Operações de 1-qubit

Hadamard
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Elementos de Computação Quântica

c t c
0 0 0 0
0 1 0 1
1 0 1 1
1 1 1 0
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Porta Control-not (CNOT)  (2-qubits)

Control

Target !
!
!

"

#

$
$
$

%

&

0100
1000
0010
0001c

t ct⊕

c

= X

Elementos de Computação Quântica

c t c
0 0 0 0
0 1 0 1
1 0 1 1
1 1 1 0
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Porta Control-not (CNOT)  (2-qubits)

Control

Target !
!
!

"

#

$
$
$

%

&

0100
1000
0010
0001c

t ct⊕

c

U

= X

=

AXBXCeU iφ= UNIVERSALIDADE

C B
P

A

Elementos de Computação Quântica

c t c
0 0 0 0
0 1 0 1
1 0 1 1
1 1 1 0

ct⊕



24

Retornando ao nosso problema
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Retornando ao nosso problema
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Retornando ao nosso problema
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Retornando ao nosso problema
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• Problema de Bernstein-Vazirani e complexidade 
exponencial

• Problema de Simon - Período de função
• Algoritmo de Shor (Decomposição em potências de 

fatores primos) 
• Algoritmo de Busca de Grover 

Algoritmos



State teleportation
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|�� = a|0�+ b|1�, a, b?
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|�� = a|0�+ b|1�, a, b?

| AB� =
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2
(|0�A|0�B + |1�A|1�B)
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Transmissão de informação quântica:Teletransporte

Figure : Transmissão de informação quântica por canal quântico.
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Transmissão de informação quântica:Teletransporte

Figure : Transmissão de informação quântica por canal quântico.



Implementação
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Requisitos (DiVincenzo)

Locais
• Caracterizar um sistema escalável com conjunto bem 

definido de estados quânticos para serem utilizados como 
qubits;

• Preparar estados puros apropriados neste conjunto 
(inicialização);

• Realizar evoluções quânticas requeridas (portas universais);
• Tempo de decoerência longo o suficiente para realizar 

computação;
• Leitura dos resultados;
Não-locais
• Conectividade;
• Transmissão a longa distância (flying qubits),
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Decoerência

ct⊕



33

Decoerência

Porta Control-not (CNOT) 

Control

Target

c

t ct⊕

c =
X

c t c
0 0 0 0
0 1 0 1
1 0 1 1
1 1 1 0

ct⊕
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Decoerência

Porta Control-not (CNOT) 

Control

Target

c

t ct⊕

c =
X

c t c
0 0 0 0
0 1 0 1
1 0 1 1
1 1 1 0
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+++=⇒

+++==

+++==

+⇒+=

=

+=

ρ

ρ

ρ

ct⊕
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1,10,00,01,11,11,1||0,00,0||
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+++==

+++==

+⇒+=

=

+=

ρ

ρ

ρ

Conceitos de teoria de computação F́ısica Quântica Algoritmos Implementações f́ısicas

decoerência

Decoerência
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Conceitos de teoria de computação F́ısica Quântica Algoritmos Implementações f́ısicas

decoerência

Decoerência
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Decoerência

Interações mais 
fracas

Interações mais 
fortes
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Decoerência

Interações mais 
fracas

Interações mais 
fortes
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Decoerência

Interações mais 
fracas

Interações mais 
fortes

Operação rápida

Decoerência rápida
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Acessibilidade
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Acessibilidade

Acoplamento 
fraco com meio 

externo

Acoplamento 
forte com meio 

externo

Acessibilidade

Decoerência



37

Supercondutores

Semicondutores

Óptica

Átomos em Cavidades

Íons Aprisionados

NMR

ini
cia

liz
aç

ão

qubit

de
co

er
ên

cia
qu

ga
tes

lei
tu

ra
tra

ns
m

iss
ão

t. 
lo

ng
a  

di
st

ân
cia

Não há procedimento viável conhecido.

Há um procedimento viável, mas não suficientemente comprovado

Há um procedimento viável suficientemente comprovado



Circuitos Supercondutores

•Acoplamento forte com o meio– tempo de coerência curto
•Acoplamento qubit-qubit forte – portas rápidas
•Fácil acesso via sinais elétricos
•Facilmente projetada com capacitores, indutores e junções Josephson
•Fácil de fabricar e integrar



Circuitos Supercondutores

•Acoplamento forte com o meio– tempo de coerência curto
•Acoplamento qubit-qubit forte – portas rápidas
•Fácil acesso via sinais elétricos
•Facilmente projetada com capacitores, indutores e junções Josephson
•Fácil de fabricar e integrar

Qubit de Carga

EJ/Ec<<1

Nakamura…,  Nature (1999)

Qubit de Fluxo
EJ/Ec>>1

Mooij, Orlando…, Science (1999)

Ipc

| 0 > | 1>
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Qubit de Carga

CAPÍTULO 2. ELETRODINÂMICA QUÂNTICA DE CAVIDADES EM CIRCUITO 16

2.2.1 Caixa de Pares de Cooper

Uma Caixa de Pares de Cooper é basicamente uma ilha supercondutora conectada a um terra via

Junção Josephson composta por n pares de Cooper, veja a figura (2.7). Cada Par de Cooper é composto por

2 elétrons. Para começarmos a estudar o Hamiltoniano do “Átomo Artificial”, temos que entender o processo

Figura 2.7: Modelo esquemático para o bit quântico de estado sólido

de acúmulo de carga devido à barreira de potencial da Junção Josephson. É o que faremos a seguir.

CAPÍTULO 2. ELETRODINÂMICA QUÂNTICA DE CAVIDADES EM CIRCUITO 19

Figura 2.8: Circuito com 2 Junções Josephson

2.2.5 Hamiltoniano do “Átomo Artificial”

Juntando as contribuições da energia de cada valor de n (2.46), e a contribuição de tunelamento

(2.51) levando - se em conta o fluxo variável (2.52), temos:

HCPC =
X

n



4EC(n � ng)2 |ni hn| � EJcos

✓

⇡
�x(t)
�

0

◆

(|ni hn + 1| + |n + 1i hn|)
�

(2.54)

Em experimentos reais, EC e EJ tem que ser bem maior que a energia térmica kBT . Assim desprezamos

as flutuações térmicas e EC deve ser menor do que o gap de energia supercondutora pera evitar indesejadas

excitações. Também nós escolhemos trabalhar no limite de carga, que corresponde a EC > EJ , de modo

que a energia de carga é dominante [12]. A figura (2.9), representa a energia dos dois primeiros ńıveis de

autoenergias do Hamiltoniano em função da carga de porta para energia de tunelamento nula (�x = �
0

/2),

sendo mostrada a degenerescência quando ng = 0.5. Veremos mais adiante a figura (2.11) que representa

a energia dos dois primeiros ńıveis de autoenergias do Hamiltoniano em função da carga de porta quando

temos a energia de tunelamento não nula. Note que a energia de tunelamento quebra a degenerescência em

ng = 0.5 formando estados de superposição de ńıveis do dispositivo neste ponto.

Josephson Charge Qubit 

Charge Qubits - Nanostrukturphysik II - Benjamin Leuschel 

7 

� Cooper-Pair-Box 
� 𝐸𝑗 

� 𝐸𝐶 =
(2𝑒)²

2(𝐶𝑔+𝐶𝑗)
 

 
�Charge regime: 
� 𝐸𝐶 ≫ 𝐸𝑗 
� 𝐸𝐶 ≫ 𝑘𝐵𝑇 

 

Josephson Junction 

Superconducting Island 

Gate Capacitor 
 

[1] 
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HJ = � EJ

8⇡2

X

n1,n2,n3,n4

Z

2⇡

0

d'
1

exp[�i(n
1

� n
3

)'
1

]
Z

2⇡

0

d'
2

|n
1

, n
2

i hn
3

, n
4

|⇥ exp[�i(n
2

� n
4

)'
2

]

⇥ (exp[i('
1

� '
2

)] + exp[�i('
1

� '
2

)]) , (2.49)

obtendo,

HJ = �EJ

2

X

n1,n2

(|n
1

, n
2

i hn
1

� 1, n
2

+ 1| + |n
1

, n
2

i hn
1

+ 1, n
2

� 1|) , (2.50)

aqui o estado de vetores |n
1

, n
2

i exibe o número de pares nos dois lados da junção. O resultado significa

que o tunelamento Josephson é simplesmente a passagem de pares de Cooper de uma lado para o outro da

junção um a um. Um lado da junção numa Caixa de Pares de Cooper corresponderá ao n
1

. O outro lado

supercondutor conectado ao ‘terra’ corresponderá ao n
2

. Devido ao caráter do ‘terra’ que consiste em um

reservatório de cargas com capacidade de infinitas cargas, podemos considerar n
2

⇡ n
2

± 1, resultando no

seguinte Hamiltoniano de Josephson

HJ = �EJ

2

X

n

|ni hn + 1| + |n + 1i hn| . (2.51)

2.2.4 Tunelamento Josephson (com duas Junções Josephson)

De acordo com a referêcia [12], quando temos o circuito como na figura (2.8), podemos fazer o

tratamento de aproximação de SQUID. Considerando as duas juções indênticas, a diferença passa a ser só na

energia de tunelamento:

EJ =) 2EJcos

✓

⇡
�x(t)
�

0

◆

, (2.52)

onde EJ é o valor máximo da energia de tunelemento e �
0

é o fluxo quântico [17].

�
0

=
hc

2e
= 2.07⇥ 10�7G/cm2. (2.53)

Agora a energia de tunelamento do “Átomo Artificial” passa a depender de um fluxo do campo magnético

(clássico) aplicado ao dispositivo.
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onde

h̄g =
eCg

c
⌃

r

h̄w

Lc
. (2.58)

O Hamiltoniano H|0i,|1i está expresso na base dos Pares de Cooper, demonstrados na figura (2.11), �x =

|1i h0| + |0i h1| e �z = |0i h0|� |1i h1|.

Figura 2.11: Nı́veis de energia x carga de porta

Mudando a base atômica para uma nova representação, figura (2.12):

�z ! �x, �x ! ��z. (2.59)

Assim os três primeiros termos do Hamiltoniano H|0i,|1i tornam-se:

EJcos

✓

⇡
�x(t)
�

0

◆

�z + h̄wca
†a + h̄g�x

�

a† + a
�

(2.60)

com �x = |+i h�| + |�i h+| e �z = |�i h�|� |+i h+|, representado numa nova base, (2.60) torna-se o famoso

Hamiltoniano de interação àtomo-campo para dois ńıveis, justificando o motivo do ‘apelido’ do dispositivo.

A figura (2.10), representa um sistema similar ao que pode ser encontrado em eletrodinâmica quântica

de cavidades, onde um átomo de dois ńıveis passa através de uma cavidade ressonante. Os parâmetros

importantes são a interação átomo - campo com constante g, a taxa de decaimento  do fóton (devido ao

acoplamento de cada modo do campo com os modos da parede da cavidade), e a taxa de decaimento � do
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(a) (b)

Figure 1. (a) Schematic setup, with the central transmission line (resonator) capacitively coupled to the source and drain, and capacitively
coupled to a SQUID-type qubit. (b) Variable energy levels of the qubit (0 < ng < 1), with an external classical magnetic flux !x(t). The
resonator field is always blue-detuned from that transition.

compatible with present technology and could actually be
implemented.

2. Time-dependent field–qubit coupling

Cavity quantum electrodynamics in superconducting circuits
offer an exquisite playground for quantum information
processing and has provided the first coherent coupling
between an ‘artificial atom’, the charge qubit, and a field
mode of a resonator [7, 11]. Mappings of qubit states [12]
and also tests for fundamental problems, such as the Purcell
effect [12] and resolving the photon number state [13], have
also been achieved. The setup employed in all of those
remarkable experiments is shown in figure 1(a), where a
niobium transmission line resonator is capacitively coupled
to a source (on the left) and to a drain (on the right). The
resonator is also capacitively coupled to the charge states of a
SQUID [14]. The advantage of employing a SQUID is that the
charge states can be addressed and manipulated in such a way
to be set close or far from resonance with a given resonator
field mode by an externally applied classical magnetic flux.
By considering only the ground and the first excited states
near the charge degeneracy point, the superconducting device
can be well approximated by a two-level system (figure 1(b)),
here addressed as a qubit. In this regime, the Hamiltonian [11]
describing a quantized electromagnetic field mode coupled to
the charge qubit is given by

H = h̄ωa†a + HS (1)

where

HS = − 1
2Bzσz − 1

2Bxσx (2)

is the Hamiltonian for the qubit–field joint system, where
Bz ≡ 4EC(1 − 2ng), EC ≡ e2/2(Cg + Cj) = e2/2C$

being the single electron charging energy with Cg as the
gate capacitance (associated with the accumulated charge in
the island capacitively coupled to the central transmission
line resonator) and Cj the Josephson capacitance. ng ≡
CgVg(t)/2e and at the centre of the transmission line resonator

the voltage is given by Vg(t) =
√

h̄ω
Lc

(a† + a), where L is the
length and c is the capacitance density of the transmission
line. Here, a (a†) is the usual annihilation (creation) operator

for the resonator field second mode of frequency ω, σx =
|0⟩ ⟨1|+|1⟩ ⟨0| and σx = |0⟩ ⟨0|−|1⟩ ⟨1|, involving the ground,
|0⟩, and first excited, |1⟩, charge states of the superconducting
device. Bx ≡ 2EJ cos

[
π !x (t)

!0

]
is the Cooper-pair tunnelling

energy for two Josephson junctions, !0 = hc/2e is the
quantum of the magnetic flux, and !x(t) is a time-dependent
classical magnetic flux externally applied to the SQUID.
All other quantities are typical constants characteristic of
the device [14, 15]. Collecting all terms the Hamiltonian,
equation (1), reads

H = h̄ωa†a + EJ cos
[
π

!x(t)

!0

]
σx + h̄gσz(a

† + a), (3)

g = (eCg/C$)
√

h̄ω/Lc being the coupling between the
‘artificial atom’ (qubit) and the resonator mode. In equation (3)
we neglected, as usual, the term −(e2/C$)σz corresponding
to a dc voltage shift.

When the atomic Hamiltonian is diagonalized, the first
two energy levels as a function of the gate charge ng ≡
CgVg/2e are described in figure 1(b), where the vertical axis
represents the energy and the horizontal represents the gate
charge which is limited by the gate voltage. Changing the
basis through a rotation, σz −→ σx and σx −→ −σz, and
going to the rotating frame with the field frequency, ω, through
Rf = exp

[
iωt (σz + a†a)

]
gives

Raf HR
†
af Raf |ψ⟩

︸ ︷︷ ︸
|ψ ′⟩

= ih̄Raf

∂

∂t
R

†
af Raf |ψ⟩

︸ ︷︷ ︸
|ψ ′⟩

= ih̄Raf

(
∂

∂t
R

†
af

)
|ψ ′⟩

+ ih̄Raf R
†
af

(
∂

∂t
|ψ ′⟩

)

resulting in
{
Raf HR

†
af − ih̄Raf

(
∂

∂t
R

†
af

)}

︸ ︷︷ ︸
H ′

|ψ ′⟩ = ih̄
∂

∂t
|ψ ′⟩

with the transformed Hamiltonian given by

H ′ = σz

(
EJ cos

[
π

!x(t)

!0

]
− h̄ω

)
+ h̄gσ̃x(ã

† + ã) (4)

2
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(a)

(b)

Figure 1. (a) Schematic of the proposal, with the central
transmission line (resonator) capacitively coupled to the source and
the drain of the quantized electromagnetic radiation, and also
coupled capacitively to the solid-state qubit. (b) Illustration of the
detuning of the frequency of the quantized radiation from the qubit
transition frequency in the blue detuned regime.

dispersive interaction otherwise impossible to attain in
experiments with atoms, as well as with quantum dots, can
be reached in a very convenient way, assembling into a chip.
This feature makes this system quite attractive for quantum
information processing [8, 9], and many proposals have been
addressed recently (see e.g. [10–19] and references therein).
The circuit corresponding to equation (1) is schematized
in figure 1, where a central resonator transmission line is
capacitively coupled to a charged qubit. The resonator is
initially fed by an ac field, so that a coherent field is established
in a fundamental mode, and the charged qubit transition
frequency is adjusted by a time-dependent external classical
magnetic flux. As is well known, a superconducting device
with two Josephson junctions, a SQUID, allows the energy
states to be tuned [8], which will mostly be useful for our
purposes. Usually, the field is the quantum information carrier
encoded in solid-state qubits, but it is possible to employ the
field itself to encode qubits. For that one has to envision a good
encoding in terms of a robust set of mutually orthogonal field
states. Unfortunately, single and zero photon (Fock) states are
too sensitive to dissipative effects [20, 21]. A better alternative
is to employ a robust set of orthogonal superpositions of
coherent states, known as odd and even coherent states [22].
(Coverage of these kinds of states has recently been given
in [23].) Those states have been historically proved to be
hard to generate [4, 24], but in principle they could be
easily engineered in microwave fields in coplanar transmission
lines, as has been demonstrated recently [25]. Previously, in
[16] we demonstrated an alternative proposal to generate a

superposition of coherent states of a microwave field in a
transmission line resonator through interaction with a single
superconducting charge qubit controlled by an external single
classical magnetic pulse. By assuming a continuously varying
magnetic pulse the generation can almost be deterministic.
Since at low temperatures the dissipative effects over the field
are almost negligible during the time interval the superposition
is generated, one obvious question concerns the potential that
this system has for encoding quantum bits [22].

Assuming the circuit of figure 1, we ask whether this
strong regime can be optimally employed for a hybrid sort of
quantum computation, with the qubits distributed in field and
solid-state qubits. Here we show a robust field qubit encoding
in terms of a superposition of coherent states, allowing an
implementation of quantum computing with the addition of
solid-state charge qubits. We show some applications of the
encoding for both quantum computing and for the generation
of highly entangled states. The paper is organized as follows. In
section 2, we describe procedures to treat time-dependent state
dynamics. In section 3, we review the procedure to generate a
field superposition of coherent states and show how it can be
employed for encoding a two-qubit quantum gate. In section
4, we discuss how to generate deterministic single-qubit
rotations. In section 5, we show how the procedures of section
3 can be extended to generate entangled states involving
many solid-state qubits. In section 6, we analyse the system
relaxation due to external coupling to the environment, and
finally in section 7 we conclude the paper with a discussion.

2. Time-dependent state dynamics

Let us consider the dynamics of a coherent state of radiation at
the central transmission line (resonator) in figure 1. We shall
neglect for the moment the Hγ and Hκ dissipative terms as well
as the HF driving term from equation (1). In this regime, the
Hamiltonian [6] describing a quantized electromagnetic field
mode coupled to the charge qubit is given by

H = !ωca†a − 1
2 Bzσz − 1

2 Bxσx, (2)

where Bz ≡ 4EC(1 − 2ng), and the single electron charging
energy is EC ≡ e2/2(Cg+Cj) = e2/2C% with gate capacitance
Cg, associated with the accumulated charge in the island
capacitively coupled to the central transmission line resonator.
Cj is the Josephson capacitance and ng ≡ CgVg(t)/2e, and the

voltage in the resonator is Vg(t) =
√

!ω
Lc (a†+a), where L is the

length and c is the capacitance density of the transmission line.
Bx ≡ 2EJ cos

[
π 'x(t)

'0

]
is the Cooper-pair tunnelling energy

(for two Josephson junctions), where EJ is the Josephson
energy, '0 = hc/2e is the quantum of magnetic flux and
'x(t) is a time-dependent classical magnetic flux externally
applied to the device. Defining the coupling constant as
g = (eCg/C% )

√
!ω/Lc, we can rewrite equation (2) as [16]

H = !ωca†a − EJ cos
[
π

'x(t)
'0

]
σx + !gσz(a† + a). (3)

To render a more appropriate dynamics description we apply
a rotation over the atomic basis σz → σx and σx → −σz on
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Figure 9. Schematics for generation of N entangled solid-state
qubits. The central transmission line (resonator) is capacitively
coupled to the source and the drain of the quantized electromagnetic
radiation, and also coupled capacitively to N solid-state qubits.

radiation modes, with respective La and Lb transmission line
lengths, and ca and cb are the capacitance densities of the
transmission lines. For our case, the secondary transmission
line (or secondary mode of the same transmission line) has a
loss rate larger than the pump rate, so that the radiation can
be considered as being classical, such as b → ⟨b⟩ e−iωbt and
b† → ⟨b⟩ eiωbt , and the Hamiltonian can be written as

H2 = !ωaa†a + !ωb⟨b⟩2 + EJcos
(

π
#x(t)
#0

)
σx

+ !gaσz(a† + a) + 2!gb⟨b⟩cos(ωbt)σz

+ 2⟨b⟩!gabcos(ωbt)(a† + a). (18)

In that fashion the secondary mode serves as a classical
pump for the quantized radiation mode. For large transmission
line lengths (in our case, the order of cm) and small load
capacitances, the two modes’ interaction given by gab can be
neglected, and the relevant Hamiltonian reads

H2 ≈ !ωaa†a + !ωb⟨b⟩2 + EJcos
(

π
#x(t)
#0

)
σx

+ !gaσz(a† + a) + 2!gb⟨b⟩cos(ωbt)σz, (19)

and the solid-state qubit can be rotated by varying the intensity
of the classical mode ⟨b⟩, such that ga ≪ gb⟨b⟩. Since this
intensity is controlled by an external pump, it is easy to
switch this rotation on and off. One important possibility
of the local rotation is to perform the Hadamard quantum
gate

∣∣(0
1

)〉
→ (|0⟩ ± |1⟩)/

√
2. An advantage of this secondary

mode is the possibility of indirectly implementing one-qubit
rotations on the field mode a as well. This is conditioned on
the coupling of both fields and on the atomic detection.

5. Generation of N + 1 qubit entangled states

By extension, it is possible to generalize the CNOT operation
for several solid-state qubits with the circuit in figure 9.
This is achieved by capacitively coupling N ‘artificial atoms’
with a single mode of electromagnetic radiation through the

Hamiltonian

Hn = !ωa†a +
N∑

j=1

E j
J cos

[

π
#

j
x(t)
#0

]

σx

+ !g
N∑

j=1

σ j
z (a† + a) + Hqq, (20)

where Hqq = −
∑N−1

j=1 Hj is the interaction between qubits,
with

Hj =
4E j

J E j+1
J

EL
cos

[
π#

j
x(t)

#0

]

cos

[
π#

j+1
x (t)
#0

]

σ j
y σ j+1

y ,

where EL = CJ#
2
0/Cqbπ

2L is the inductive energy between
two qubits and Cqb = CJCq/(CJ +Cq). For EL ≫ E j

J E j+1
J , Hqq

is far less significant than the other terms of the Hamiltonian
and can be neglected. Thus, the system of N charge qubits
follows the same dynamical process for the generation of
superposition states for a single atom interacting with a
transmission line mode. #

j
x(t) enables this simultaneous

action over the N qubits, each one being similarly driven
by independent classical magnetic pulses as in equation (11).
Assuming that all the magnetic pulses are simultaneous, for
example, by starting from the initial state |000 . . . 0⟩ |α⟩, soon
after the application of the classical magnetic pulse #

j
x(t) on

the N ‘artificial atoms’, during the same period T , we will end
up with a GHZ state of N + 1 qubits:

|ψN (T )⟩ = |00 . . . 0⟩|0⟩L + (−1)N |11 . . . 1⟩|1⟩L. (21)

By applying independent and non-simultaneous #
j
x(t) pulses,

with distinct periods and initial qubit states, one can obtain
countless possible combinations of entangled states of the N+1
qubits.

6. Inductive character in the artificial atom

In current experiments with superconducting devices the decay
time of the ‘artificial atoms’ is much smaller than the field
lifetime in the transmission line, so this last one can be
neglected in the first instance. However, the field coherence
is also affected indirectly, due to the interaction with the
artificial atom. The decay in the atom is due to the inductive
character of the device, being characterized by an ohmic bath,
through the usual coupling of a bath of oscillators to the atom
(system) [28]

HB =
∑

j

!ω jc
†
j c j, (22)

HSB =
∑

j

!g j(σ
+c j + σ−c†

j ), (23)

HS = ẼJσz, (24)

where ẼJ → 2EJ , and the usual commutation relations for the
bosonic operators are [c j, c j′ ] =

[
c†

j , c†
j′
]

= 0,
[
c j, c†

j′
]

= δ j, j′ .
The bath is assumed in a thermal state, ρB = exp[−βHB]/ZB,
with β = (kBT )−1 and ZB = Tr{exp[−βHB]}. With the Born
approximation ρ(t) = ρS(t)⊗ρB the master equation is written
as

ρ̇S(t) = −
∫ t

0
dt ′ TrB[HSB(t), [HSB(t ′), ρS(t ′) ⊗ ρB]]. (25)

7
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•Computação quântica é mais eficiente do que a 
computação clássica para resolver certos problemas.
•É mais eficiente para o desenvolvimento de 
simuladores universais.
•Muito mais eficiente para desenvolvimento de 
simuladores dedicados.

•Sistemas supercondutores oferecem grandes 
perspectivas para implementação de computadores 
quânticos, universais ou dedicados.
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Temperature Measurement and Phonon Number Statistics of a Nanoelectromechanical Resonator

O. P. de Sá Neto1,2, M. C. de Oliveira2 and G. J. Milburn3
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(Dated: May 4, 2015)

Measuring thermodynamic quantities can be easy or not, depending on the system that is being studied. For
a macroscopic object, measuring temperatures can be as simple as measuring how much a column of mercury
rises when in contact with the object. At the small scale of quantum electromechanical systems, such simple
methods are not available and invariably detection processes disturb the system state. Here we propose a method
for measuring the temperature on a suspended semiconductor membrane clamped at both ends. In this method,
the membrane is mediating a capacitive coupling between two transmission line resonators (TLR). The first
TLR has a strong dispersion, that is, its decaying rate is larger than its drive, and its role is to pump in a pulsed
way the interaction between the membrane and the second TLR. By averaging the pulsed measurements of the
quadrature of the second TLR we show how the temperature of the membrane can be determined. Moreover the
statistical description of the state of the membrane, which is directly accessed in this approach is significantly
improved by the addition of a Josephson Junction coupled to the second TLR.
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FIG. 1. (Color online) Capacitive coupling of two TLRs medi-
ated by an oscillatory NEMS. A double clamped mechanical resonator
(green) is electrically coupled to two transmission line resonators
(grey).

where Qi , Pi , and Li are, respectively, the charge, the magnetic
flux, and the impedance at the TLR, i = 1,2. We have also
defined VCT

≡ VCL
− VCR

= QL(t)CL(t)−1 − QR(t)CR(t)−1,
and C̃−1

i ≡ Ci
−1 + [d2−x2(t)]

2dϵ0A
, where Ci is the capacitance in

each TLR, i = 1,2. In that Hamiltonian we have assumed that
only one mode on each TLR is significant in the coupling with
the NEMS fundamental mode, as depicted in Fig. 2.

Before full quantization of Eq. (1), we assume a regime of
rapid oscillation of the NEMS, by writing

x(t) =
√

!
2mν

(be−iνt + b†eiνt ). (2)

For rapid oscillations (νt ≫ 1), ⟨x(t)⟩ ≈ 0; furthermore,
⟨x2(t)⟩ ≈ !

mν
(⟨b†b⟩ + 1

2 ) ≡ x2
rms. Thus a relation between the

frequencies ω2
i ≡ (LiCi)−1 and ω̃2

i ≡ (LiC̃i)−1 is obtained as

ω̃2
i = ω2

i +
ω2

i,eq

2

(
1 − x2

rms

d2

)
, (3)

where ω2
i,eq ≡ (CeqLi)−1. For the sort of device we are looking

for, it is reasonable to assume x2
rms/d

2 = 10−6 [15,16] and we
disregard it from Eq. (3) in a first approximation. Typical
experimental values settle ωi = 6 GHz [15], and if the second
term in Eq. (3) is of the same order it should also be
taken into account. We keep the maximal value the second
term can take, adopting ω̃2

i = ω2
i + ω2

i,eq/2, meaning that

FIG. 2. (Color online) Schematic circuit corresponding to
Hamiltonian (1); a single-mode approximation was considered for
both the TLRs and the NEMS.

C̃−1
i = Ci

−1 + (2Ceq)−1. Assuming

Qj =
√

!
2Lj ω̃j

(a†
j + aj ) and Pj = i

√
!Lj ω̃j

2 (a†
j − aj ),

(4)
which follow the standard commutation relation, we obtain

H = H0 + Hint + Hd, (5)

where

H0 = !ω̃1
(
a
†
1a1 + 1

2

)
+ !ω̃2

(
a
†
2a2 + 1

2

)
, (6)

Hint is the coupling between the two TLRs mediated by the
NEMS phonon number operator,

Hint =
!

[
d2 − !

mν
(b†b + 1

2 )
]

4d2Ceq
√

L1L2ω̃1ω̃2
(a†

1 + a1)(a†
2 + a2), (7)

and Hd is the Hamiltonian due to the voltage induced by the
NEMS oscillations,

Hd =
√

!
8

VCT
(t)

[
(a†

1 + a1)√
L1ω̃1

+ (a†
2 + a2)√
L2ω̃2

]

. (8)

Assuming the two TLR fields are in resonance, ω̃1 = ω̃2 =
ω̃, in a referential rotating with ω̃ we can neglect the rapidly
oscillating terms appearing in the transformed Hd and Hint to
obtain (see Appendix C)

HI
int = !(θ0 + θb†b)(a†

1a2 + a1a
†
2), (9)

where θ0 = ω̃C̃1
4Ceq

(1 − !
2d2mν

) ≈ ω̃C̃1
4Ceq

, and θ ≡ − !
d2mν

θ0. Ac-
cordingly with the same assumptions for derivation of Eq. (3),
θ ≈ 10−6θ0 and therefore is very small, but now we keep it
since we show that important features appear due to the effects
of the coupling mediated by the NEMS vibration. Hamiltonian
(9) shows the effective coupling between the two TLR modes
mediated by the NEMS phonon number and allows two
direct applications which are discussed in what follows: (i)
the QND measurement of the NEMS phonon number and
(ii) the generation of a tripartite entanglement involving the
mechanical oscillator and the TLR fields, working as a probe of
the quantum character of oscillation of the mechanical device.

III. QND MEASUREMENT OF NEMS PHONON NUMBER

As a first application we develop a scheme for mean phonon
number QND measurement [17] of the NEMS through a
measurement carried out in one of the TLRs. Let us assume
that an external drive F (resonant with ω̃) is applied on TLR
2. The effective interaction Hamiltonian (9) together with this
external drive is then given by

HI = !(F∗a2 + Fa
†
2) + !(θ0 + θb†b)(a†

1a2 + a1a
†
2). (10)

The quantum stochastic differential equations (QSDEs) gov-
erning the evolution of a1 and a2 are

da1

dt
= −iθ0a2 − iθb†ba2 − κ1

2
a1 + √

κ1a1in, (11)

da2

dt
= −iθ0a1 − iθb†ba1 − κ2

2
a2 − iF + √

κ2a2in, (12)
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FIG. 1. (Color online) Capacitive coupling of two TLRs medi-
ated by an oscillatory NEMS. A double clamped mechanical resonator
(green) is electrically coupled to two transmission line resonators
(grey).

where Qi , Pi , and Li are, respectively, the charge, the magnetic
flux, and the impedance at the TLR, i = 1,2. We have also
defined VCT

≡ VCL
− VCR

= QL(t)CL(t)−1 − QR(t)CR(t)−1,
and C̃−1

i ≡ Ci
−1 + [d2−x2(t)]

2dϵ0A
, where Ci is the capacitance in

each TLR, i = 1,2. In that Hamiltonian we have assumed that
only one mode on each TLR is significant in the coupling with
the NEMS fundamental mode, as depicted in Fig. 2.

Before full quantization of Eq. (1), we assume a regime of
rapid oscillation of the NEMS, by writing

x(t) =
√

!
2mν

(be−iνt + b†eiνt ). (2)

For rapid oscillations (νt ≫ 1), ⟨x(t)⟩ ≈ 0; furthermore,
⟨x2(t)⟩ ≈ !

mν
(⟨b†b⟩ + 1

2 ) ≡ x2
rms. Thus a relation between the

frequencies ω2
i ≡ (LiCi)−1 and ω̃2

i ≡ (LiC̃i)−1 is obtained as

ω̃2
i = ω2

i +
ω2

i,eq

2

(
1 − x2

rms

d2

)
, (3)

where ω2
i,eq ≡ (CeqLi)−1. For the sort of device we are looking

for, it is reasonable to assume x2
rms/d

2 = 10−6 [15,16] and we
disregard it from Eq. (3) in a first approximation. Typical
experimental values settle ωi = 6 GHz [15], and if the second
term in Eq. (3) is of the same order it should also be
taken into account. We keep the maximal value the second
term can take, adopting ω̃2

i = ω2
i + ω2

i,eq/2, meaning that

FIG. 2. (Color online) Schematic circuit corresponding to
Hamiltonian (1); a single-mode approximation was considered for
both the TLRs and the NEMS.

C̃−1
i = Ci

−1 + (2Ceq)−1. Assuming

Qj =
√

!
2Lj ω̃j

(a†
j + aj ) and Pj = i

√
!Lj ω̃j

2 (a†
j − aj ),

(4)
which follow the standard commutation relation, we obtain

H = H0 + Hint + Hd, (5)

where

H0 = !ω̃1
(
a
†
1a1 + 1

2

)
+ !ω̃2

(
a
†
2a2 + 1

2

)
, (6)

Hint is the coupling between the two TLRs mediated by the
NEMS phonon number operator,

Hint =
!

[
d2 − !

mν
(b†b + 1

2 )
]

4d2Ceq
√

L1L2ω̃1ω̃2
(a†

1 + a1)(a†
2 + a2), (7)

and Hd is the Hamiltonian due to the voltage induced by the
NEMS oscillations,

Hd =
√

!
8

VCT
(t)

[
(a†

1 + a1)√
L1ω̃1

+ (a†
2 + a2)√
L2ω̃2

]

. (8)

Assuming the two TLR fields are in resonance, ω̃1 = ω̃2 =
ω̃, in a referential rotating with ω̃ we can neglect the rapidly
oscillating terms appearing in the transformed Hd and Hint to
obtain (see Appendix C)

HI
int = !(θ0 + θb†b)(a†

1a2 + a1a
†
2), (9)

where θ0 = ω̃C̃1
4Ceq

(1 − !
2d2mν

) ≈ ω̃C̃1
4Ceq

, and θ ≡ − !
d2mν

θ0. Ac-
cordingly with the same assumptions for derivation of Eq. (3),
θ ≈ 10−6θ0 and therefore is very small, but now we keep it
since we show that important features appear due to the effects
of the coupling mediated by the NEMS vibration. Hamiltonian
(9) shows the effective coupling between the two TLR modes
mediated by the NEMS phonon number and allows two
direct applications which are discussed in what follows: (i)
the QND measurement of the NEMS phonon number and
(ii) the generation of a tripartite entanglement involving the
mechanical oscillator and the TLR fields, working as a probe of
the quantum character of oscillation of the mechanical device.

III. QND MEASUREMENT OF NEMS PHONON NUMBER

As a first application we develop a scheme for mean phonon
number QND measurement [17] of the NEMS through a
measurement carried out in one of the TLRs. Let us assume
that an external drive F (resonant with ω̃) is applied on TLR
2. The effective interaction Hamiltonian (9) together with this
external drive is then given by

HI = !(F∗a2 + Fa
†
2) + !(θ0 + θb†b)(a†

1a2 + a1a
†
2). (10)

The quantum stochastic differential equations (QSDEs) gov-
erning the evolution of a1 and a2 are

da1

dt
= −iθ0a2 − iθb†ba2 − κ1

2
a1 + √

κ1a1in, (11)

da2

dt
= −iθ0a1 − iθb†ba1 − κ2

2
a2 − iF + √

κ2a2in, (12)
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where for j = 1,2, κj is the relaxation rate, and aj in is the cor-
responding noise operator induced by individual reservoirs for
the radiation mode at TLR j . In the limit where θ0/κ2,θ/κ2 ≪
1 the radiation mode in TLR 2 relaxes to a stationary
coherent state due to the driving field. However, it affects
the radiation mode in TLR 1 as given by Eq. (11) contributing
with an additional noise term. In that situation the first two
terms in the second member of Eq. (12) can be neglected.
The steady state of the radiation mode in TLR 2 is then
given by

⟨a2⟩ ≈ −2iF
κ2

≡ α2.

We assume (without loss of generality) a purely imaginary
driving field F , so that α2 is real. We now take into account the
residual effect of (θ0/κ2) as an additional dissipative channel
for TLR 1. In that situation, the QSDE for a1, Eq. (11), then
becomes

da1

dt
= −iθα2b

†b − κ1

2
a1 − $

2
a1 + √

κ1a1in +
√

$ã1in,

(13)

where $ = 2θ2
0 /κ2, and ã1in is an additive quantum noise term.

Equation (13) can be exactly solved to give

a1(t) = a1(0)e− $+κ1
2 t − 2iα2θb†b

$ + κ1
(1 − e− $+κ1

2 t )

+√
κ1

∫ t

0
e

κ1+$

2 (t ′−t)a1in(t ′)dt ′

+
√

$

∫ t

0
e

κ1+$

2 (t ′−t)ã1in(t ′)dt ′. (14)

What is mostly relevant in this last equation is the
contribution of the TLR 2 radiation field amplitude α2 to
the coupling to the mechanical mode. In fact even though
θ is very small compared to θ0 the stationary coherent field
α2 can be made strong enough (through the driving field)
to amplify the interaction between the quantum radiation
mode in TLR 1 and the mechanical mode. This coupling
can indeed be explored to give a measurable experimental
quantity. For example, the average photocurrent in TLR 1,
defined as ⟨I1(t)⟩ = i

√
!ω̃/2L⟨a†

1 − a1⟩, can be calculated to
give (assuming ⟨a1(0)⟩ = 0, without loss of generality)

⟨I1(t)⟩ = − α2θ
√

8!ω̃√
L($ + κ1)

nb(1 − e− $+κ1
2 t ) (15)

with nb = ⟨b†b⟩. To illustrate the TLR 2 photonic current
profile in Fig. 3 we plot ⟨I1(t)⟩ by varying the NEMS
average phonon number. It is clearly seen that the average
number of phonons in the NEMS produces distinguishable
values for the saturation of the photonic current. On the
other hand, it is immediate to see that the current variance,
⟨(&I1)2⟩ = ⟨I 2

1 ⟩ − ⟨I1⟩2, is proportional to the variance of the
phonon number, ⟨(&b†b)2⟩. Therefore, it can be used to infer
the number statistics of the mechanical system. This subject is
going to be considered further elsewhere.

FIG. 3. (Color online) The photonic current ⟨I1⟩(t) in TLR 1, as
given by Eq. (15) for three values of the NEMS Fock states with
average phonon number nb = 1,2,3. For t ≫ 2/(k1 + $), all three
curves reach a stationary threshold given by the phonon number nb

in TLR 1 (remembering that θ < 0).

IV. ENTANGLEMENT GENERATION

Now we analyze the distribution of entanglement in our
tripartite system, as governed by the full quantized Hamilto-
nian (9). Since b†b is a conserved quantity we can solve the
Heisenberg equations of motion for the operators a1 and a2 to
obtain

ak(t) =
√

1 − T ak(0) − i
√
T aj (0), j ̸= k, (16)

for j,k = 1,2. This is exactly the equation for a beam splitter
with intensity-dependent transmittance [17] T = sin2[(θ0 +
θ⟨b†b⟩t)]. It is well known that a beam splitter entangles only
bosonic fields which are nonclassical in the quantum optical
sense [18–20], i.e., when at least one of the individual inputs is
described by a negative Glauber-Sudarshan P distribution. For
that reason the term in T depending on θ0 does not entangle the
two radiation modes if they are initially in a classical state and
therefore can be neglected for simplicity. The transmittance
term dependent on the NEMS phonon number, however, allows
the three modes, the mechanical and the photonic ones, to be
entangled, even when their initial states are classical.

To illustrate this feature, let us consider that the system is
prepared in a triple product of coherent states for the NEMS
(index N) and for the two TLRs (indices 1, 2). Those states are
easily generated in the TLRs [by a classical source of radiation
such as the one in Eq. (10)] and can in principle be generated
in the NEMS with a similar external driving. The joint pure
initial state

|ψ(0)⟩ = |α⟩N |β⟩1|γ ⟩2 (17)

is a genuine example of a classical tripartite state, but the
evolution will generate the conditioned entangled state

|ψ(t)⟩ =
∞∑

n=0

Cn |n⟩N |βn(t)⟩1|γn(t)⟩2, (18)
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where |n⟩ are the Fock state, with Cn = e− 1
2 |α|2αn/

√
n!, and

βn(t) = β cos(nθ t) − iγ sin(nθ t),

γn(t) = γ cos(nθ t) − iβ sin(nθ t). (19)

For example, considering θ t = π , the state in Eq. (18) becomes

|ψ(t)⟩ = |α+⟩N |β⟩1|γ ⟩2 + |α−⟩N | − β⟩1| − γ ⟩2, (20)

where |α±⟩ ∝ (|α⟩ ± |−α⟩) are the even (+) and odd (−)
coherent states. So, not only are the three modes entangled,
but the NEMS is also left in a mesoscopic Schrödinger cat-like
state conditioned on the state on the TLR modes.

In a general way, when tracing over the partition N in
Eq. (18), one can see that the reduced state ρ̂12 is separable;
i.e., the NEMS is not able to generate entanglement between
the TLRs. However, an easy inspection of Eq. (18) or even
Eq. (20) shows that when tracing over 1 or 2 the remaining sys-
tem is entangled due to the nonorthogonality of coherent states,
being nonentangled only for large β and γ . Following the
classification of [21] this is a one-part separable state. For pure
global states, the universal measure of entanglement is the von
Neumann entropy, or the purity as given by the linear entropy
EA|B = 1 − Trρ̂2

B . Here ρ̂B represents the reduced density op-
erator after tracing over the part A of the total system with ρ̂ =
|ψ(t)⟩⟨ψ(t)|. The behavior of the bipartitions from Eq. (18) are
encoded in the following equations for linear entropies:

EN |12 = 1 −
∞∑

n,m=0

|Cn|2|Cm|2e−|βn−βm|2−|γn−γm|2 , (21)

E1|N2 = 1 −
∞∑

n,m=0

|Cn|2|Cm|2e−|βn−βm|2 , (22)

E2|N1 = 1 −
∞∑

n,m=0

|Cn|2|Cm|2e−|γn−γm|2 . (23)

By the Poissonian nature of |Cn|2 and the boundedness of
the exponentials, all above sums are convergent. In Figs. 4
and 5 we show EN |12 for some initial coherent states when
the summation is realized over 30 terms—the error in this
truncation is of the order of 10−17 for all the plotted curves.
As one can see, although the system recurs to a nonentangled
state after a period, it is usually highly entangled. At θ t = lπ ,
with l = 1,3,5, . . . , the state is as in Eq. (20). This is a simple
scheme for tripartite entanglement generation involving
mechanical and photonic modes in a continuous-variables
regime, which can be easily implemented in a circuit.

This situation for the global pure state is useful for extension
to the case when the NEMS is in an arbitrary state

ρN =
∫

d2αP (α)|α⟩⟨α|, (24)

in terms of the Glauber-Sudarshan P distribution P (α), and
the two TLRs are again prepared in coherent states |β⟩1 and
|γ ⟩2. For that case the joint evolved state is given by

ρ =
∫

d2α

∞∑

n,m=0

P (α)CnC
∗
m

× |n,βn(t),γn(t)⟩⟨m,βm(t),γm(t)|N12. (25)

FIG. 4. (Color online) Linear entropy of the partition N |12 quan-
tifying the entanglement between the NEMS and the two TLRs as
a function of time t (here normalized with () and |α|. We choose
α = β = γ ∈ R. Note the entanglement’s recurrence due to the
2π -periodic behavior of the functions in Eqs. (19).

However, the previous analysis in terms of the marginal
entropies cannot be applied here since the global state can be
mixed, and one has to resort to continuous-variable methods
for entanglement detection [22–24]. It is not difficult to infer
that the tripartite state will be entangled for a broad range
of NEMS states. For example, when it is in a thermal state,
P (α) = (π n̄)−1e−|α|2/n̄ is a regular Gaussian function, where
n̄ is the average number of thermal phonons. Therefore, the
NEMS state is classical, but after the evolution the tripartite
state is non-Gaussian and can be entangled or not depending
on n̄. We remark that since the global state is non-Gaussian,
the entanglement detection requires a more detailed analysis
dealing with the actual experimental limitations at hand. This
is left for further investigation.

FIG. 5. (Color online) Linear entropy of the partitions N |12
(solid) and 1|N2 (dashed) for α = β = γ = 2 as a function of
time t (here normalized with (). Since β = γ , E1|N2 = E2|N1. Inset:
The same linear entropies for distinct values of the initial state for
α = 2 and β = γ = 2 (blue); β = 3,γ = 4 (green); β = γ = 1 + 2i

(yellow); and β = 3 + 4i,γ = 1 + 2i (red).
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FIG. 4: Optical cooling results. a, Measured mechanical mode linewidth (⇤), EIT transparency bandwidth (�), and predicted optomechanical
damping rate estimated using the zero-point optomechanical coupling rate g/2p = 910 kHz (red dashed line). The inset shows the measured
EIT transparency window at the highest cooling drive power. b, Measured (�) average phonon number, n̄, in the breathing mechanical mode
at wm/2p = 3.68 GHz versus cooling laser drive power (in units of intracavity photons, nc), as deduced from the calibrated area under the
Lorentzian lineshape of the mechanical noise power spectrum, Sb. The left and right inset spectra correspond to the measured noise power
spectrum in units of m2/Hz at low and high laser cooling power, respectively. The dashed blue line indicates the estimated mode phonon
number from the measured optical damping alone. Error bars indicate computed standard deviations as outlined in the SI. c, Estimated bath
temperature, Tb, versus cooling laser intracavity photon number, nc. d, Measured change in the intrinsic mechanical damping rate versus nc
(�). A polynomial fit to the mechanical damping dependence on nc is shown as a dashed line. For more detail see the SI. e, The measured
(⇤) background noise PSD versus laser drive power (nc), in units of phonon quanta. Shown as a black dashed line is the theoretical shot-noise
limited noise PSD for an ideal single-sided cavity, a unit quantum efficiency detector, and no optical loss in the transmitted optical field.

oscillation of the mechanical resonator. Back-action cooling[24] from a given bath temperature to the quantum ground state
requires ~k & kBTb/Qm. Given the properties of the devices in this work, ground state cooling from room temperature with
measurable quantum dynamics (Nosc ⇡ 10) seems feasible. This opens up the possibility for future experimentation with, and
utilization of, quantum nanomechanical objects in a room temperature environment.
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porta 1. Este é um exemplo de um acoplador simétrico. Sua matriz de transferência tem a seguinte forma:
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Figura 2.3: Acoplador h́ıbrido de quatro portas. Sua principal utilidade é controlar a entrada e saida

de radiação eletromagnética de um ressonador com comprimento na faixa do microondas sem misturar as

quadraturas de entrada das portas 1 e 4.

Este acoplador serve para execultar uma entrada e uma sáıda de um ressonador com comprimento

de onda na faixa do microondas sem que as quadraturas se misturem.

2.4.2 Divisor de Feixe

O dividor de feixe tem um anel quadrado com uma porta em cada vértice, como mostra a figura (2.4),

e obedece à mesma metodologia que um divisor de feixe óptico [43], sendo que aqui se trata de radiação

eletromagnética de microondas.

Logo, com todas as portas correspondida, quando introduzido uma entrada na porta 1, a amplitude

é dividida igualmente entre as portas 2 e 3, com um deslocamento de fase de ⇡/2 radianos entre essas sáıdas.

Na porta 4 não é acionada entrada de energia (a porta é isolada, ou se aplica um estado de vácuo na liguagem
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Conclusions
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•Reliable method for phonon number QND 
measurement.

•Access to the mechanical resonator statistics.


